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1. Introduction
Given a triple (p1, p2, p3) of positive integers, we let T = T p1,p2,p3 be the triangle group with
presentation
T = T p1,p2,p3 =
〈
x, y, z: xp1 = yp2 = zp3 = xyz = 1〉.
In this paper we are concerned in determining the abundance of epimorphisms in the space
Hom(T ,G) of homomorphisms from a triangle group T where p1, p2, p3 are primes to a ﬁnite
simple exceptional group of Lie type of low rank: speciﬁcally, of type 2B2, 2G2, G2 or 3D4. If
1/p1+1/p2+1/p3  1 then the only non-abelian ﬁnite simple image of T is the alternating group A5.
We therefore assume that 1/p1 + 1/p2 + 1/p3 < 1 so that T is a hyperbolic triangle group. Unless
otherwise stated, we also assume that p1  p2  p3 are primes, and call (p1, p2, p3) a hyperbolic
triple of primes.
Hyperbolic triangle groups are Fuchsian groups of genus 0. Given a Fuchsian group Γ of genus
at least 2 and any ﬁnite simple group G , Liebeck and Shalev give in [10], by means of character
theory, precise asymptotic estimates for the size of Hom(Γ,G) and they show that a randomly chosen
homomorphism from Γ to G is surjective with probability tending to 1 as |G| → ∞.
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and the space Hom(Γ,G) is in general not well understood, and our work is a contribution to this
case.
For a hyperbolic triangle group T = T p1,p2,p3 and a ﬁnite simple group G = L(q) of Lie type of large
order, little is known about the size of Hom(T ,G) and the abundance of epimorphisms in Hom(T ,G).
The study of these problems is interesting in its own right but it also leads to a number of appli-
cations. For example, when p1, p2, p3 are primes, the existence of an epimorphism in Hom(T ,G)
implies that G is a (p1, p2, p3)-group, that is G is generated by two elements of orders p1, p2 whose
product has order p3. Also the proportion of epimorphisms in Hom(T ,G) determines the probabil-
ity that G is randomly (p1, p2, p3)-generated. Geometrically, one can also derive properties of some
representation varieties. For example, by determining a precise asymptotic estimate for |Hom(T ,G)|
one immediately gets the dimension of the representation variety Hom(T , G) where G is the algebraic
group corresponding to G . Indeed in general the size of Hom(T ,G) is a polynomial in q whose degree
gives the dimension (or half the dimension if G is of type 2B2, 2G2 or 2F4) of Hom(T , G) seen as
a representation variety. If G = PSL2(q), PSL3(q) or PSU3(q) then the exact size of Hom(T ,G) (or a
precise asymptotic estimate for it) and the limit of the probability that a randomly chosen homomor-
phism in Hom(T ,G) is surjective as |G| → ∞ are determined in [12,14].
The purpose of this paper is to study these problems when G = 2B2(q), 2G2(q), G2(q) or
3D4(q). We prove the following four results. In the statements below, for i = 1,2,3, jpi (G) de-
notes the number of elements of G of order pi , and o(1) denotes a quantity that tends to 0
as |G| → ∞. The integers jpi (G) are given in Lemmas 3.1–3.4 according respectively to the cases
G = 2B2(q), 2G2(q),G2(q), 3D4(q).
We begin with the Suzuki groups and the Ree groups of type 2G2.
Theorem 1. Let G = 2B2(q) or 2G2(q) where q is respectively an odd power of 2 or 3. Let (p1, p2, p3) be a
hyperbolic triple of primes and let T = T p1,p2,p3 be the corresponding hyperbolic triangle group. Suppose that
lcm(p1, p2, p3) divides |G|.
(i) We have
∣∣Hom(T ,G)∣∣= (1+ o(1)) · |G|−1 3∏
i=1
jpi (G).
(ii) If φ ∈ Hom(T ,G) is randomly chosen then
lim
q→∞Prob(φ is surjective) = 1.
We now turn to the ﬁnite simple groups of type G2.
Theorem 2. Let G = G2(q) where q = pn for some prime number p > 3 and some positive integer n. Let
(p1, p2, p3) = (2,5,5) be a hyperbolic triple of primes and let T = T p1,p2,p3 be the corresponding hyperbolic
triangle group. Suppose that lcm(p1, p2, p3) divides |G|.
(i) We have
∣∣Hom(T ,G)∣∣=
{
72q16(1+ o(1)) if p1 = p2 = p3 = 5 = p,
(1+ o(1)) · |G|−1∏3i=1 jpi (G) otherwise.
(ii) If
(p1, p2, p3) /∈
{
(3,3,5), (3,5,5), (5,5,5)
}
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lim
q→∞Prob(φ is surjective) = 1.
The assumption p > 3 in Theorem 2 enables us to give a uniﬁed treatment. The cases p = 2,3
could be dealt with similarly but there will be some extra complications due to some degeneracies in
the commutator relations which affect the character table of G2(q) and the structure of its parabolic
subgroups.
For the excluded cases in part (ii) of Theorem 2, namely (p1, p2, p3) ∈ {(3,3,5), (3,5,5), (5,5,5)},
we prove the following partial result about the abundance of epimorphisms in Hom(T ,G2(q)).
Theorem 3. Let G = G2(q) where q = pn for some prime number p > 3 and some positive integer n. Let
(p1, p2, p3) ∈
{
(3,3,5), (3,5,5), (5,5,5)
}
and suppose that 5 divides |G|. Let P be the probability that a randomly chosen homomorphism in
Hom(T p1,p2,p3 ,G) is surjective.
(i) If p = 5 then P = o(1).
(ii) If p = 5 and (p1, p2, p3) = (3,3,5), then P  1/2+ o(1).
(iii) If p = 5 and (p1, p2, p3) = (3,5,5), then
v + o(1) P  3/4+ o(1)
where v = 1/2 if q ≡ −1 mod 5, otherwise v = 0.
(iv) If p = 5 and (p1, p2, p3) = (5,5,5), then
w + o(1) P  8/9+ o(1)
where w = 31/36 if q ≡ −1 mod 5, otherwise w = 0.
We ﬁnally consider the Steinberg triality groups.
Theorem 4. Let G = 3D4(q) where q = pn for some prime number p > 3 and some positive integer n. Let
(p1, p2, p3) be a hyperbolic triple of distinct primes and let T = T p1,p2,p3 be the corresponding hyperbolic
triangle group. Suppose that p1p2p3 divides |G|, and if p = p3 let k be the order of q modulo p3 .
(i) We have
∣∣Hom(T ,G)∣∣= (1+ o(1)) · |G|−1 3∏
i=1
jpi (G).
(ii) Let φ ∈ Hom(T ,G) be randomly chosen. Then
(a) If {p1, p2} = {2,3}, then limq→∞ Prob(φ is surjective) = 1.
(b) If {p1, p2} = {2,3}, then
lim
q→∞Prob(φ is surjective) =
⎧⎨
⎩
1/2 if p = p3 or k ∈ {1,2},
p3−5
p3−3 if k ∈ {3,6},
1 otherwise.
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(p1, p2, p3) be a hyperbolic triple of primes and G be a ﬁnite quasisimple group of Lie type with el-
ements of orders p1, p2, p3 and corresponding algebraic group G deﬁned over an algebraically closed
ﬁeld of prime characteristic p. By [13, Proposition 1] the sum s of the dimensions of the subvari-
eties of elements of G of orders dividing p1, p2, p3 must be at least 2dimG for G to possibly be a
(p1, p2, p3)-group. For exceptional groups, this bound is in fact always satisﬁed, and attained only if
(p1, p2, p3) = (2,5,5) and G = G2(q) (see [13, Theorem 3]).
If the triple (p1, p2, p3) is rigid for G (i.e. s = 2dimG) it is conjectured in [13] that there are only
ﬁnitely many integers n such that G(pn) is a (p1, p2, p3)-group.
The rigid case (2,5,5) for G2(q) does not yield to the asymptotic methods used in this paper
and will require a more delicate treatment. A ﬁrst step in this direction is given in [11] where the
conjecture (mentioned above) is proved to hold for G of type G2 when p = 5. More precisely, by the
theorem of [11], there is no positive integer n for which G2(5n) is a (2,5,5)-group.
Our method to prove Theorems 1–4 is to use the character theory of G to determine a precise
asymptotic estimate for |Hom(T ,G)|. We then examine the maximal subgroups of G and get upper
bounds (and lower bounds if needed) for |⋃M Hom(T ,M)| where M varies through all maximal
subgroups of G . This enables us to determine a precise asymptotic estimate or give lower and upper
bounds for
1− ∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣ ⋃
M max G
Hom(T ,M)
∣∣∣∣
which is, by deﬁnition, the probability that a randomly chosen homomorphism in Hom(T ,G) is sur-
jective.
The layout is as follows. In Section 2 we give some elementary results on the space of homo-
morphisms from a triangle group to a ﬁnite group, and ﬁx some conventional notation on group
structures. In Section 3 we describe the elements of G of prime order. We prove Theorem 1 in Sec-
tions 4 and 5, and Theorems 2–4 in Sections 6–8. Finally we give in Section 9 abbreviated character
tables of the groups of types 2B2, 2G2, G2 and 3D4 which are used in the proofs.
2. Elementary results
In this section we provide some results on the space of homomorphisms from any triangle group
T = T p1,p2,p3 = 〈x, y, z: xp1 = yp2 = zp3 = xyz = 1〉 to a ﬁnite group G . The ﬁrst two results are
elementary. The ﬁrst one, which can be found in [9, Proposition 3.2], is character-theoretic and gives
a way of calculating |Hom(T ,G)|. For a triple C = (C1,C2,C3) of conjugacy classes Ci of G with
representative gi , we set
HomC(T ,G) =
{
φ ∈ Hom(T ,G): φ(x) ∈ C1, φ(y) ∈ C2, φ(z) ∈ C3
}
.
Note that if Ci consists of elements of order dividing pi , then |HomC(T ,G)| is the structure constant
of G relative to C (i.e. it is the number of triples (h1,h2,h3) with hi ∈ Ci such that h1h2h3 = 1).
In the statement below, Irr(G) denotes the set of irreducible complex characters of G .
Lemma 2.1. The following assertions hold.
(i)
∣∣HomC(T ,G)∣∣= |C1||C2||C3||G|
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
(ii)
∣∣Hom(T ,G)∣∣=∑
C
∣∣HomC(T ,G)∣∣
where the sum is over all C= (C1,C2,C3) such that each Ci is a conjugacy class of G of elements of order
dividing pi .
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(i) We have
Hom1(T ,G) = Hom(T ,G)\
⋃
M max G
Hom(T ,M).
(ii) Let φ ∈ Hom(T ,G) be randomly chosen. Then
Prob(φ is surjective) = |Hom
1(T ,G)|
|Hom(T ,G)| = 1−
∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣ ⋃
M max G
Hom(T ,M)
∣∣∣∣.
We now give some upper bounds for the number of homomorphisms from any triangle group
T = T p1,p2,p3 to various classical groups. In the statement below, A = A(p1, p2, p3) denotes a constant
depending only on p1, p2, p3 and o(1) denotes a quantity that tends to 0 as |G| → ∞.
Proposition 2.1. Let T = T p1,p2,p3 be any triangle group where p1  p2  p3 . Then
(i) |Hom(T ,GL2(q))| Aq3(1+ o(1)).
(ii) |Hom(T ,SL3(q))| Aqγ (1+ o(1)) where γ = 8 if p1 = 2, otherwise γ = 10.
(iii) |Hom(T ,SU3(q))| Aqγ (1+ o(1)) where γ = 8 if p1 = 2, otherwise γ = 10.
Proof. First note that in a ﬁnite classical group the number of conjugacy classes of elements of order
dividing a given integer is bounded by a constant depending on that integer. Using Lemma 2.1 and
the character table of GL2(q) given in [16] one easily checks that every structure constant of GL2(q) is
a polynomial in q of degree at most 3. Part (i) follows. Suppose now that G = SL3(q) or SU3(q). Using
Lemma 2.1 and the character table of G given in [15] one checks that every structure constant of G
is a polynomial in q of degree at most γ . 
Lemma 2.3. Let M be a subgroup of G.
(i) We have ∣∣∣∣⋃
g∈G
Hom
(
T ,Mg
)∣∣∣∣ |G : M|∣∣Hom(T ,M)∣∣.
(ii) If M is normal in G, and p1, p2 are coprime as well as p3 and |G/M|, then Hom(T ,G) = Hom(T ,M).
(iii) If M is normal in G and at least two of p1, p2, p3 are coprime to |G/M|, then Hom(T ,G) = Hom(T ,M).
(iv) If M is abelian and p1, p2, p3 are distinct primes, then Hom(T ,M) = 1.
(v) If p1, p2, p3 are distinct primes then Hom(T ,M) = Hom(T ,M ′).
Proof. Parts (i) and (iv) are clear. Let us consider (ii) and (iii). Clearly Hom(T ,M) ⊂ Hom(T ,G). We
prove the reverse inclusion. Let φ be any element of Hom(T ,G) and let π : G → G/M be the canonical
map. Also let ψ = π ◦ φ ∈ Hom(T ,G/M). We claim that ψ is trivial. Consider part (ii). Since p3 and
|G/M| are coprime, we have ψ(xy) = 1. The fact that p1 is coprime to p2 now yields ψ(x) = ψ(y) = 1,
and so ψ is trivial, as claimed. For part (iii) the claim follows from the fact that at least two of
p1, p2, p3 are coprime to |G/M|. Hence φ belongs to Hom(T ,M), as required.
Finally, part (v) follows from part (iv) applied to the abelian group M/M ′ . 
We ﬁnally ﬁx some notational conventions on group structures which will be used in Sections 4–8.
If X and Y are groups, then X · Y denotes an extension of X by Y , X : Y a split extension, and X ◦ Y
a central product of X and Y . We also write Zl or simply l for the cyclic group of order l, while [l]
denotes an arbitrary group of that order. If r is prime, then ra denotes an elementary abelian group
of order ra . Finally the dihedral group of order l is written Dl .
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The aim of this section is to describe the conjugacy classes of G of elements of prime order,
where G = 2B2(q), 2G2(q), G2(q) or 3D4(q). We let p be the underlying prime characteristic of G and
assume that p > 3 in the latter two cases. For a prime r = p dividing |G|, we let cr be the number
of conjugacy classes of G of elements of order r whose dimension in the ambient algebraic group is
maximal, and we set cp = 1.
We begin with the case G = 2B2(q). Recall that q is an odd power of 2 and |G| = q2(q2 +1)(q−1).
In the statement below, we let A1, A2, A3 be the cyclic subgroups of G of respective orders q − 1,
q + √2q + 1,q − √2q + 1. The next result follows from [17]. Recall that o(1) denotes a quantity that
tends to 0 as |G| → ∞, and for a prime r dividing |G|, jr(G) denotes the number of elements of G of
order r.
Lemma 3.1. Let G = 2B2(q) and r be a prime dividing |G|.
(i) There is a single class of involutions in G, c2 = 1 and j2(G) = q3(1+ o(1)).
(ii) Every nontrivial element π of G of odd order is regular and conjugate to an element πi of Ai where
i ∈ {1,2,3}. We have |πG | = q4(1+ o(1)).
(iii) Suppose r = 2. Then jr(G) = crq4(1 + o(1)) where cr = (r − 1)/2 if r divides |A1|, otherwise cr =
(r − 1)/4.
We continue with the case G = 2G2(q). Recall that q is an odd power of 3 and |G| = q3(q3 + 1)×
(q−1). By [18], there is an involution J of G and a subgroup L ∼= L2(q) of G such that CG( J ) = 〈 J 〉× L.
We denote by R an element of L of order (q − 1)/2 and S an element of L of order (q + 1)/4
centralizing an involution of L. Also there are abelian subgroups M+,M− of G of respective orders
q + √3q + 1, q − √3q + 1. The next result follows from [18].
Lemma 3.2. Let G = 2G2(q) and r be a prime dividing |G|.
(i) There is a single class of involutions in G, c2 = 1 and j2(G) = q4(1+ o(1)).
(ii) There are three conjugacy classes of elements of order 3 in G, with representatives X, T0 , T
−1
0 . We have
c3 = 1 and
∣∣XG ∣∣= q4(1+ o(1)) and ∣∣(T±10 )G ∣∣= 12 · q5
(
1+ o(1)).
In particular, j3(G) = q5(1+ o(1)).
(iii) An element g of G of prime order r > 3 is regular and |gG | = q6(1 + o(1)). Furthermore g is conjugate
to a power of R, or a power of S, or an element V of M− , or an element W of M+ . Finally, jr(G) =
crq6(1+ o(1)) where cr = (r − 1)/2 if r divides q − 1, otherwise cr = (r − 1)/6.
We now let G = G2(q) where q = pn for some prime p > 3. Recall that |G| = q6(q2 − 1)(q6 − 1).
The next result follows from [3].
Lemma 3.3. Let G = G2(q) where q = pn, p > 3 and let r be a prime dividing |G|. If r = p, let k be the order
of q modulo r.
(i) The description of the conjugacy classes of elements of G of order r is given in Table 1.
(ii) We have j2(G) = q8(1+ o(1)) and j3(G) = q10(1+ o(1)).
(iii) We have j5(G) = c5q10(1+ o(1)) where c5 = 1 if p = 5, otherwise c5 = 4.
(iv) Suppose r  7. Then jr(G) = crq12(1+ o(1)) where cr = 1 if p = r, cr = (r − 1)(r − 5)/12 if k ∈ {1,2},
otherwise cr = (r − 1)/6.
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Conjugacy classes of elements of prime order r in G = G2(q), p > 3.
q r Conjugacy classes of elements of order r
Type # such classes |gG | cr
p = r r > 3 u1 1 q6(1+ o(1)) 1
u2 1 q8(1+ o(1))
u3 1 q10(1+ o(1))/6
u4 1 q10(1+ o(1))/2
u5 1 q10(1+ o(1))/3
r > 5 u6 1 q12(1+ o(1))
k = 1 r = 2 k2 1 q8(1+ o(1)) c2 = 1
r = 3 k3 1 q6(1+ o(1))
r > 2 h1a (r − 1)/2 q10(1+ o(1)) c3 = 1
r > 3 h1b (r − 1)/2 q10(1+ o(1)) c5 = 4
r > 5 h1
(r−1)(r−5)
12 q
12(1+ o(1)) cr = (r−1)(r−5)12 (r > 5)
k = 2 r = 3 k3 1 q6(1+ o(1))
r > 2 h2b (r − 1)/2 q10(1+ o(1)) c3 = 1
r > 3 h2a (r − 1)/2 q10(1+ o(1)) c5 = 4
r > 5 h2
(r−1)(r−5)
12 q
12(1+ o(1)) cr = (r−1)(r−5)12 (r > 5)
k = 3 r > 5 h3 (r − 1)/6 q12(1+ o(1)) (r − 1)/6
k = 6 r > 5 h6 (r − 1)/6 q12(1+ o(1)) (r − 1)/6
We ﬁnally consider the case where G = 3D4(q) where q = pn for some prime number p > 3. Recall
that |G| = q12(q6 − 1)2(q4 − q2 + 1). The next result follows from [4].
Lemma 3.4. Let G = 3D4(q) where q = pn, p > 3 and let r be a prime dividing |G|. If r = p, let k be the order
of q modulo r.
(i) The description of the conjugacy classes of elements of G of order r is given in Table 2.
(ii) We have j2(G) = q16(1+ o(1)) and j3(G) = 2q18(1+ o(1)).
(iii) We have j5(G) = c5q22(1+ o(1)) where c5 = 1 if p = 5, otherwise c5 = 2.
(iv) Suppose r  7. Then jr(G) = crq24(1+ o(1)) where cr = 1 if p = r, cr = (r − 1)(r − 5)/12 if k ∈ {1,2},
cr = (r − 1)(r − 3)/24 if k ∈ {3,6}, otherwise cr = (r − 1)/4.
4. Proof of Theorem 1 for Suzuki groups
In this section we let G = 2B2(q) where q is an odd power of 2. Recall that |G| = q2(q2 +1)(q−1).
We also set (p1, p2, p3) to be a hyperbolic triple of primes such that lcm(p1, p2, p3) divides |G|, and
let T = T p1,p2,p3 be the corresponding hyperbolic triangle group.
We ﬁrst give an asymptotic formula for |Hom(T ,G)|. For a prime r dividing |G|, recall the deﬁni-
tion of the integer cr given in Section 3.
Proposition 4.1.
(i) We have |Hom(T ,G)| = (1+ o(1)) · |G|−1∏3i=1 jpi (G).
(ii) Equivalently, |Hom(T ,G)| = cp1cp2cp3qδ(1+ o(1)) where δ = 6 if p1 = 2, otherwise δ = 7.
Remark 4.1. The integers cpi and jpi (G) are given in Lemma 3.1.
Proof of Proposition 4.1. Part (ii) follows immediately from part (i) together with Lemma 3.1. We
therefore consider part (i). By Lemma 2.1(ii) we have
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Conjugacy classes of elements of prime order r in G = 3D4(q), p > 3.
q r Conjugacy classes of elements of order r
Type # such classes |gG | cr
p = r r > 3 u1 1 q10(1+ o(1)) 1
u2 1 q16(1+ o(1))
u3 1 q18(1+ o(1))/2
u4 1 q18(1+ o(1))/2
u5 1 q22(1+ o(1))
r > 5 u6 1 q24(1+ o(1))
k = 1 r = 2 s2 1 q16(1+ o(1)) c2 = 1
r = 3 s4 1 q18(1+ o(1))
r > 2 s3 (r − 1)/2 q18(1+ o(1)) c3 = 2
r > 3 s5 (r − 1)/2 q22(1+ o(1)) c5 = 2
r > 5 s6
(r−1)(r−5)
12 q
24(1+ o(1)) cr = (r−1)(r−5)12 (r > 5)
k = 2 r = 3 s9 1 q18(1+ o(1))
r > 2 s7 (r − 1)/2 q18(1+ o(1)) c3 = 2
r > 3 s10 (r − 1)/2 q22(1+ o(1)) c5 = 2
r > 5 s15
(r−1)(r−5)
12 q
24(1+ o(1)) cr = (r−1)(r−5)12 (r > 5)
k = 3 r > 5 s4 (r − 1)/2 q18(1+ o(1)) (r−1)(r−3)24
s12
(r−1)(r−3)
24 q
24(1+ o(1))
k = 6 r > 5 s9 (r − 1)/2 q18(1+ o(1)) (r−1)(r−3)24
s13
(r−1)(r−3)
24 q
24(1+ o(1))
k = 12 r > 5 s14 (r − 1)/4 q24(1+ o(1)) (r − 1)/4
∣∣Hom(T ,G)∣∣=∑
C
∣∣HomC(T ,G)∣∣
where the sum is over all triples C = (C1,C2,C3) of conjugacy classes Ci of G of elements of order
dividing pi .
Fix such a triple C of classes of maximal dimension and let g1, g2, g3 be the corresponding class
representatives (i.e. here this means that g1, g2, g3 are nontrivial). By Lemma 2.1(i), we have
∣∣HomC(T ,G)∣∣= |C1||C2||C3||G|
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
Using the description of the conjugacy classes of elements of G of prime order and the character
table of G given respectively in Lemma 3.1 and Table 3 in Section 9, it is easy to check that the trivial
character is the dominant term in the sum
S :=
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
In other words, S = (1 + o(1)). Now if C′ = (C ′1,C ′2,C ′3) is a triple of conjugacy classes C ′i of G of
elements of order dividing pi where at least one of the classes is not of maximal dimension (i.e. here
this means that at least one of the classes consists of the trivial element) then, using Lemma 2.1
and the character table of G , one can give a good enough upper bound for the structure constant
|HomC′ (T ,G)| and check that
|HomC′(T ,G)| = o(1).|HomC(T ,G)|
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∣∣Hom(T ,G)∣∣=∑
C
|C1||C2||C3|
|G|
(
1+ o(1))
where the sum is over all triples C = (C1,C2,C3) of classes Ci of G of elements of order pi (and of
maximal dimension). The result follows. 
We now describe the maximal subgroups of G and justify the fact that we can neglect them in
the sense that |Hom(T ,G)|−1 · |⋃M max G Hom(T ,M)| = o(1). The subgroup structure of G is given
in [17].
Lemma 4.1. If q > 2 then a maximal subgroup of G is conjugate to one of the following:
(i) P = [q2] · Zq−1 , a Borel subgroup.
(ii) M1 = D2(q−1) .
(iii) M2 = Zq+√2q+1 · [4].
(iv) M3 = Zq−√2q+1 · [4].
(v) G0 = 2B2(q0) where q = qα0 , α prime.
Recall that x, y, z are the generators of T of orders p1, p2, p3.
Lemma 4.2.
(i) There is a constant A = A(p1, p2, p3) such that |Hom(T , P )|  Aqγ where γ = 3 if p1 = 2, otherwise
γ = 4.
(ii) We have |Hom(T ,G)|−1 · |⋃g∈G Hom(T , P g)| = o(1).
Proof. (i) Let Q = [q2] and let π be the canonical map P → P/Q . Let φ be any element of Hom(T , P )
and let ψ = π ◦ φ ∈ Hom(T , P/Q ).
Suppose ﬁrst that p1 = 2. Since P/Q has no elements of order 2, we must have φ(x) ∈ Q . As there
are q elements of order dividing 2 in Q by [17, Proposition 7], the number of choices for φ(x) is at
most q. Also, since P/Q is cyclic, there are at most p2 choices for ψ(y) and at most p2q2 choices
for φ(y). It follows that
∣∣Hom(T , P )∣∣ q · p2q2 = p2q3.
If p1 = 2, we easily get the upper bound |Hom(T , P )| p1p2q4.
(ii) By Lemma 2.3(i) we have
∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣⋃
g∈G
Hom
(
T , P g
)∣∣∣∣ ∣∣Hom(T ,G)∣∣−1 · |G : P |∣∣Hom(T , P )∣∣.
Since |G : P | = q2 + 1, the result follows from part (i) and Proposition 4.1(ii). 
Lemma 4.3. Let M = M1 , M2 or M3 . Then
(i) |Hom(T ,M)| p1p2 .
(ii) |Hom(T ,G)|−1 · |⋃g∈G Hom(T ,Mg)| = o(1).
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therefore consider the ﬁrst part. Write M = Zς · [γ ] where Zς is a cyclic group of order ς ∈ {q − 1,
q ± √2q + 1}, and γ ∈ {2,4}. By Lemma 2.3(iii) we have Hom(T ,M) = Hom(T , Zς ). Hence
|Hom(T ,M)| p1p2. 
Lemma 4.4. Let
F = ∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣ ⋃
|Fq :Fq0 | prime
( ⋃
g∈G
Hom
(
T , 2B2(q0)
g))∣∣∣∣.
Then F = o(1).
Proof. By Proposition 4.1 we have |Hom(T ,G)| = Aqδ(1+ o(1)) for some constant A = A(p1, p2, p3),
where δ = 6 if p1 = 2, otherwise δ = 7. Fix q0. Say q = qα0 for some prime α. Again by Proposition 4.1,
we can ﬁnd a constant B = B(p1, p2, p3) such that |Hom(T , 2B2(q0))| Bq δα (1+ o(1)). Hence
∣∣∣∣⋃
g∈G
Hom
(
T , 2B2(q0)
g)∣∣∣∣ ∣∣G : 2B2(q 1α )∣∣∣∣Hom(T , 2B2(q 1α ))∣∣
 Bq 1α (δ−5)+5
(
1+ o(1))
 Bq 12 (δ−5)+5
(
1+ o(1)).
Now there are less than 2 ln(q) such q0. Therefore
F  2B ln(q)q
1
2 (δ−5)(1+ o(1))
Aqδ−5(1+ o(1))
= 2B ln(q)
Aq
1
2 (δ−5)
· (1+ o(1)).
The result follows. 
We can now prove Theorem 1 for Suzuki groups. Part (i) follows at once from Proposition 4.1. Let
us consider part (ii). By Lemma 2.2 we have
Prob(φ is surjective) = 1− ∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣ ⋃
M max G
Hom(T ,M)
∣∣∣∣.
The result now follows from the subgroup structure of G (see Lemma 4.1) and Lemmas 4.2–4.4 which
show that
∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣ ⋃
M max G
Hom(T ,M)
∣∣∣∣= o(1).
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In this section we let G = 2G2(q) where q is an odd power of 3. Recall that |G| = q3(q3 +1)(q−1).
We also set (p1, p2, p3) to be a hyperbolic triple of primes such that lcm(p1, p2, p3) divides |G|,
and let T = T p1,p2,p3 be the corresponding hyperbolic triangle group. Finally, we let x, y, z be the
generators of T of orders p1, p2, p3.
The proof of Theorem 1 for Ree groups of type 2G2 follows from Proposition 5.1 where we give
an asymptotic formula for |Hom(T ,G)| and from the subgroup structure of G given in Lemma 5.1
together with Lemmas 5.2–5.5 where we show that
∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣ ⋃
M max G
Hom(T ,M)
∣∣∣∣= o(1).
Proposition 5.1.
(i) We have |Hom(T ,G)| = (1+ o(1)) · |G|−1∏3i=1 jpi (G).
(ii) Equivalently, |Hom(T ,G)| = cp1cp2cp3qδ(1+ o(1)) where δ is given in the table below.
(p1, p2, p3) δ
p1 = 2, p2 = 3 8
p1 = 2 and p2 > 3 or p1 = p2 = 3 9
p1 = 3 and p2 > 3 10
p1 > 3 11
Remark 5.1. The integers cpi and jpi (G) are given in Lemma 3.2.
Proof of Proposition 5.1. Using the description of the conjugacy classes of G of elements of prime
order and the character table of G given respectively in Lemma 3.2 and Table 4 in Section 9, one
checks that the argument given in the proof of Proposition 4.1 also holds here. 
We now analyse the space of homomorphisms from T to the maximal subgroups of G given in [8].
Lemma 5.1. If q > 3 then a maximal subgroup of G is conjugate to one of the following:
(i) P = [q3] : Zq−1 .
(ii) M1 = 2× L2(q).
(iii) M2 = (22 × D(q+1)/2) : 3.
(iv) M3 = Zq+√3q+1 : Z6 .
(v) M4 = Zq−√3q+1 : Z6 .
(vi) G0 = 2G2(q0) where q = qα0 , α prime.
Lemma 5.2.
(i) There is a constant A = A(p1, p2, p3) such that
∣∣Hom(T , P )∣∣ { Aq3 if p1 = 2 or p1 = p2 = 3,
Aq6 otherwise.
(ii) We have |Hom(T ,G)|−1 · |⋃g∈G Hom(T , P g)| = o(1).
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Hom(T , P ) and let ψ = π ◦ φ ∈ Hom(T , P/Q ).
Suppose ﬁrst that p1, p2, p3 are all distinct. Since Zq−1 is abelian, ψ must be trivial. Hence
Imφ  Q . Because Q has only elements of order a power of 3, it follows that Hom(T , P ) = 1.
Suppose now that p1 = 2 and p2 = p3. Note that p2 > 3. Since Zq−1 is abelian, ψ(x) is trivial. It
follows that φ(x) = 1. Therefore |Hom(T , P )| p2q3.
Suppose that p1 = p2 = 3. Then ψ must be trivial. It follows that φ(x) = φ(y)−1 ∈ Q . Therefore
|Hom(T , P )| q3.
Suppose ﬁnally that p1 = 2 and p2 > 3. Then it is clear that |Hom(T , P )| p1p2q6.
(ii) By Lemma 2.3(i) we have
∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣⋃
g∈G
Hom
(
T , P g
)∣∣∣∣ ∣∣Hom(T ,G)∣∣−1 · |G : P |∣∣Hom(T , P )∣∣.
Since |G : P | = q3 + 1, the result follows from part (i) and Proposition 5.1(ii). 
Lemma 5.3.
(i) There is a constant A = A(p1, p2, p3) such that |Hom(T ,M1)| Aq3 .
(ii) We have |Hom(T ,G)|−1 · |⋃g∈G Hom(T ,Mg1 )| = o(1).
Proof. Part (ii) follows at once from part (i) together with Lemma 2.3(i) and Proposition 5.1. We there-
fore consider the ﬁrst part. By Lemma 2.3(iii), Hom(T ,M1) = Hom(T , L2(q)). Since |Hom(T , L2(q))|
|Hom(T2p1,2p2,2p3 ,SL2(q))|, the result now follows from Proposition 2.1. 
Lemma 5.4. Let M = M2 , M3 or M4 .
(i) There is a constant A = A(p1, p2, p3) such that
∣∣Hom(T ,M)∣∣ { A if p1 = 3 or p2 = 3,
Aq2 otherwise.
(ii) We have |Hom(T ,G)|−1 · |⋃g∈G Hom(T ,Mg)| = o(1).
Proof. Part (ii) follows from part (i) together with Lemma 2.3(i) and Proposition 5.1. We consider
the ﬁrst part and treat the case where M = M2. The other cases can be dealt in a similar way.
Let N = 22 × D(q+1)/2 and let π be the canonical map M → M/N ∼= Z3. Let φ be any element of
Hom(T ,M) and let ψ = π ◦ φ ∈ Hom(T ,M/N).
Suppose ﬁrst that p1 = 3 or p2 = 3. Then by Lemma 2.3(iii) we have
Hom(T ,M) = Hom(T ,N) = Hom(T , D(q+1)/2) = Hom
(
T , 〈ρ〉)
where 〈ρ〉 ∼= Z(q+1)/4 is the cyclic subgroup of D(q+1)/2 of index 2. Hence |Hom(T ,M)| p1p2.
Suppose now that p1 = p2 = 3. Then there are at most 3 choices for ψ(x) and then one choice for
ψ(y) = ψ(x)−1. Hence |Hom(T ,M)| 3|N|2 = 12(q + 1)2. 
Lemma 5.5.We have
∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣ ⋃
|Fq :Fq0 | prime
( ⋃
g∈G
Hom
(
T , 2G2(q0)
g))∣∣∣∣= o(1).
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tion 5.1. 
6. Proof of Theorem 2
In this section we let G = G2(q) where q = pn for some prime p > 3 and some positive integer n.
Recall that |G| = q6(q2 − 1)(q6 − 1). We also set (p1, p2, p3) = (2,5,5) to be a hyperbolic triple of
primes such that lcm(p1, p2, p3) divides |G|, and let T = T p1,p2,p3 be the corresponding hyperbolic
triangle group.
We ﬁrst give an asymptotic formula for |Hom(T ,G)|.
Proposition 6.1.
(i) If (p1, p2, p3) = (5,5,5) or p = 5, then
(a)
∣∣Hom(T ,G)∣∣= (1+ o(1)) · |G|−1 3∏
i=1
jpi (G).
(b) Equivalently, we have |Hom(T ,G)| = cp1cp2cp3qδ(1+ o(1)) where δ is given in the table below.
(p1, p2, p3) δ
p1 = 2, p2 ∈ {3,5}, p3 > 5 or p1  3 and p3  5 16
p1 = 2, p2 > 5 or p1, p2 ∈ {3,5} and p3 > 5 18
p1 ∈ {3,5} and p2 > 5 20
p1 > 5 22
(ii) If (p1, p2, p3) = (5,5,5) and p = 5 then |Hom(T ,G)| = 72q16(1+ o(1)).
Remark 6.1. The integers cpi and jpi (G) are given in Lemma 3.3.
Proof of Proposition 6.1. We let C = (C1,C2,C3) be a triple of conjugacy classes Ci of G (with rep-
resentative gi) of maximal dimension of elements of order pi , and let C′ = (C ′1,C ′2,C ′3) be a triple of
conjugacy classes C ′i of G of elements of order dividing pi such that
∑
dimC ′i <
∑
dimCi .
(i) Suppose ﬁrst that (p1, p2, p3) = (5,5,5) and p = 5 if (p1, p2, p3) = (3,5,5). Using the descrip-
tion of the conjugacy classes of G of elements of prime order and the character table of G given
respectively in Lemma 3.3 and Table 5 in Section 9, one can check that the argument given in the
proof of Proposition 4.1 still holds here. In particular, unlike the other cases treated below, for any
triple C = (C1,C2,C3) of conjugacy classes of G of maximal dimension of elements of respective
orders p1, p2, p3, the trivial character dominates the sum
∑
χ∈Irr(G) χ(1)−1 ·
∏3
i=1 χ(gi) where gi
denotes a representative of Ci .
Suppose now that (p1, p2, p3) = (3,5,5) and p = 5. Then by Lemma 2.1 and Table 5 we get
∣∣HomC(T ,G)∣∣=
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(1/18) · q16(1+ o(1)) if {g2, g3} = {u3},
(1/2) · q16(1+ o(1)) if {g2, g3} = {u4},
(2/9) · q16(1+ o(1)) if {g2, g3} = {u5},
(1/9) · q16(1+ o(1)) if {g2, g3} = {u3,u5}.
For these asymptotic values of |HomC(T ,G)|, we have∣∣HomC(T ,G)∣∣−1 · ∣∣HomC′(T ,G)∣∣= o(1).
Finally for any other pair (g2, g3) of representatives, there is a constant A such that |HomC(T ,G)|
Aq15. The result follows.
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∣∣HomC(T ,G)∣∣=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
(1/18) · q16(1+ o(1)) if {g1, g2, g3} = {u3},
(1/2) · q16(1+ o(1)) if {g1, g2, g3} = {u4},
(1/9) · q16(1+ o(1)) if {g1, g2, g3} = {u5},
(1/9) · q16(1+ o(1)) if {g1, g2, g3} = {u3,u5},
and two of the gi are u5.
For these asymptotic values of |HomC(T ,G)|, we have∣∣HomC(T ,G)∣∣−1 · ∣∣HomC′(T ,G)∣∣= o(1).
Finally for any other triple (g1, g2, g3) of representatives, there is a constant A such that
|HomC(T ,G)| Aq15. The result follows.
(ii) We treat the case q ≡ 1 mod 5. The case q ≡ −1 mod 5 is similar. By Lemma 3.3, G has four
conjugacy classes of elements of order 5, two of them being of type h1a , and the other two of type
h1b . By Lemma 2.1 and Table 5, we get
∣∣HomC(T ,G)∣∣=
{
2q16(1+ o(1)) if g1, g2, g3 are all of type h1b,
q16(1+ o(1)) otherwise.
Also ∣∣HomC(T ,G)∣∣−1 · ∣∣HomC′(T ,G)∣∣= o(1).
The result follows. 
We now give the subgroup structure of G determined in [8].
Lemma 6.1. A maximal subgroup of G is conjugate to one of the following:
(i) Pa = [q5] : GL2(q), a short parabolic subgroup.
(ii) Pb = [q5] : GL2(q), a long parabolic subgroup.
(iii) M1 = (SL2(q) ◦ SL2(q)) · 2.
(iv) M2 = SL3(q) : 2.
(v) M3 = SU3(q) : 2.
(vi) M4 = PGL2(q), if p  7 and q 11.
(vii) M5 ∈ {23 · L3(2), L2(8), L2(13),G2(2), J1}.
(viii) G0 = G2(q0) where q = qα0 , α prime.
Before examining the space of homomorphisms from T to the parabolic subgroups of G , we need
the following two results. The ﬁrst one is about the structure of Pa and Pb . In the statement below,
for i ∈ {a,b} we let Q i and Li be respectively the unipotent radical and the Levi factor of Pi , so that
Q i ∼= [q5] and Li ∼= GL2(q).
Lemma 6.2.
(i) The unipotent radical Qa has the following La-invariant composition series
1= Qa,0  Qa,1  Qa,2 = Qa
where the factors are irreducible FqLa-modules.
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(b) The factor Qa,1/Qa,0 is a one-dimensional trivial module.
(c) The centre of Qa is Qa,1 .
(ii) The unipotent radical Qb has the following Lb-invariant composition series
1= Qb,0  Qb,1  Qb,2  Qb,3 = Qb
where the factors are FqLb-modules.
(a) The factors Qb,3/Qb,2, Qb,1/Qb,0 are two-dimensional modules.
(b) The factor Qb,2/Qb,1 is a one-dimensional trivial module.
(c) The centre of Qb is Qb,1 .
(d) The centre of Qb/Qb,1 is Qb,2/Qb,1 .
Proof. This is well known and follows from [2]. 
By applying the previous lemma together with the following result, we get an upper bound for
|Hom(T ,M)|, where M denotes a maximal parabolic subgroup of G .
Lemma 6.3. Let H = Q · L be a ﬁnite group which is a (not necessarily split) extension of Q by L. Suppose
1  Q 0  Q is an L-invariant composition series for Q . Assume Q 0  Z(Q ) and let r be a prime dividing |L|.
For an element l ∈ L of order dividing r, let k (respectively, k0) be the number of elements g ∈ Q (respectively,
g ∈ Q 0) such that (gl)r = 1. Finally, let k1 be the number of elements g ∈ Q /Q 0 such that (gl)r = 1. Then
k k0k1.
Proof. For l ∈ L of order dividing r and h ∈ Q , we have
(hl)r = 1 ⇔
r−1∏
j=0
l jhl− j = 1.
Suppose that h ∈ Q is such that (hl)r = 1. Then (hl)r = 1 and so h must lie in one of the k1 cosets Q 0g
satisfying (Q 0gl)r = Q 0. Since Q 0 is L-invariant and Q 0  Z(Q ), for any g0 ∈ Q 0 we have (g0hl)r = 1
if and only if (g0l)r = 1. Hence there are k0 elements g0h in the coset Q 0h such that (g0hl)r = 1.
Therefore there are at most k0k1 elements h ∈ Q such that (hl)r = 1. 
In the statement below, A = A(p1, p2, p3) denotes a constant.
Proposition 6.2. Let M = Pa or Pb.
(i) We have |Hom(T ,M)| Aq13(1+ o(1)).
(ii) If p1 = 2 < p2 < p3 then |Hom(T ,M)| = 1.
(iii) Suppose p1 = 2 and p2 = p3 , or p1, p2 ∈ {3,5} and p3 > 5, then |Hom(T ,M)| Aq12(1+ o(1)).
(iv) If (p1, p2, p3) /∈ {(3,3,5), (3,5,5), (5,5,5)} then
∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣⋃
g∈G
Hom
(
T ,Mg
)∣∣∣∣= o(1).
Proof. In parts (i) and (iii) we use the fact (see Proposition 2.1) that there is a constant A =
A(p1, p2, p3) such that |Hom(T ,GL2(q))|  Aq3(1 + o(1)). Write M = Q : GL2(q) where Q = [q5],
and set π to be the canonical map M → M/Q ∼= GL2(q).
50 C. Marion / Journal of Algebra 332 (2011) 35–61We let φ be any homomorphism from T to M and let ψ = π ◦ φ ∈ Hom(T ,M/Q ). Finally write
ψ(x) = Q gx and ψ(y) = Q gy for some gx, gy ∈ GL2(q), and φ(x) = qxgx , φ(y) = qy gy for some
qx,qy ∈ Q . (Recall that x, y, z are the generators of T of orders p1, p2, p3.)
(i) There are at most |Hom(T ,GL2(q))| choices for the pair (gx, gy). Also since |Q | = q5 we then
have at most q10 choices for the pair (qx,qy). The result follows.
(ii) Because GL2(q) = SL2(q) · Zq−1 and p1, p2, p3 are distinct, we have Imψ  SL2(q). Since p = 2,
the unique involution of SL2(q) is central. Hence as p2 = p3, we have Imφ  Q . The result fol-
lows.
(iii) Rearranging if necessary the primes p1, p2, p3, we can assume without loss of generality that
p1 = p. There are at most |Hom(T ,GL2(q))| choices for the pair (gx, gy). Let L ∼= GL2(q) be the Levi
factor of the maximal parabolic subgroup M . By Lemma 6.2, Q has an L-invariant series whose factors
are L-modules, one of the factors being the trivial one-dimensional module. Also the centre of Q is
the smallest nontrivial group in the series. Let Q 0  Q 1 be the groups in the series such that Q 1/Q 0 is
the trivial one-dimensional module. We claim that there are at most q4 choices for qx . The claim will
follow from Lemmas 6.2 and 6.3 if we show that for any l ∈ L of order dividing p1 there is a single
element β in Q 1/Q 0 such that (βl)p1 = 1. Since l ∈ L acts trivially on Q 1/Q 0, for any β in Q 1/Q 0
we have
(βl)p1 =
p1−1∏
j=0
l jβl− j = β p1 .
Since p1 = p and Q 1/Q 0 is a p-group we have (βl)p1 = 1 only if β is trivial, as required. Finally, since
|Q | = q5, there are at most q5 choices for qy . The result follows.
(iv) Since |G : M| = q5 + q4 + q3 + q2 + q + 1, this now follows from Lemma 2.3(i) and Proposi-
tion 6.1. 
In the statement below, we let A = A(p1, p2, p3) denote a constant.
Proposition 6.3. Let M = Mi for some 1 i  4.
(i) We have |Hom(T ,M1)| Aq6(1+ o(1)).
(ii) If i ∈ {2,3} then |Hom(T ,Mi)| Aqγ (1+ o(1)) where γ = 8 if p1 = 2, otherwise γ = 10.
(iii) We have |Hom(T ,M4)| Aq3(1+ o(1)).
(iv) Suppose (p1, p2, p3) /∈ {(3,3,5), (3,5,5), (5,5,5)} if M = M2 or M3 . Then
∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣⋃
g∈G
Hom
(
T ,Mg
)∣∣∣∣= o(1).
Proof. Part (ii) follows at once from Proposition 2.1 and Lemma 2.3(iii).
Let us consider the ﬁrst part. By Lemma 2.3(iii), Hom(T ,M1) = Hom(T ,SL2(q) ◦ SL2(q)). Since
|Hom(T ,SL2(q) ◦ SL2(q))| |Hom(T2p1,2p2,2p3 ,SL2(q))|2, the result follows from Proposition 2.1.
We now consider (iii). By Lemma 2.3(iii), Hom(T ,PGL2(q)) = Hom(T , L2(q)). Since
|Hom(T , L2(q))| |Hom(T2p1,2p2,2p3 ,SL2(q))| the result follows from Proposition 2.1.
Finally Lemma 2.3(i) and Proposition 6.1 now yield the ﬁnal part. 
Proposition 6.4.We have
∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣ ⋃
|Fq :Fq0 | prime
( ⋃
g∈G
Hom
(
T ,G2(q0)
g))∣∣∣∣= o(1).
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tion 6.1. 
Proposition 6.5. Suppose that M is a subgroup of G of bounded order. Then
∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣⋃
g∈G
Hom
(
T ,Mg
)∣∣∣∣= o(1).
Proof. Since |Hom(T ,M)|  |M|2, the result follows from Lemma 2.3(i) and Proposition 6.1 which
shows that |Hom(T ,G)|−1 · |G| = o(1). 
We can now prove Theorem 2. Part (i) follows at once from Proposition 6.1. For part (ii) we
use Lemma 2.2. The result follows from the subgroup structure of G (see Lemma 6.1) and Propo-
sitions 6.2–6.5 which show that
∣∣Hom(T ,G)∣∣−1 ·
∣∣∣∣∣
⋃
M max G
Hom(T ,M)
∣∣∣∣∣= o(1).
7. Proof of Theorem 3
In this section we let G = G2(q) where q = pn for a prime p > 3 and assume that (p1, p2, p3) ∈
{(3,3,5), (3,5,5), (5,5,5)}. Recall that x, y, z are the generators of T = T p1,p2,p3 of orders p1, p2, p3.
In the statement below, we denote respectively by Pa , Pb a short and a long maximal parabolic
subgroup of G . Also, A will denote a constant.
Proposition 7.1. Suppose that p = 5 and 5 divides |G|. Asymptotic estimates or bounds for |Hom(T , Pa)| and
|Hom(T , Pb)| are given in the table below.
(p1, p2, p3) |Hom(T , Pa)| |Hom(T , Pb)|
(3,3,5)  Aq10 6q11(1+ o(1)) if q ≡ 1 mod 3
2q11(1+ o(1)) if q ≡ −1 mod 3
(3,5,5)  Aq10 20q11(1+ o(1)) if q ≡ 1 mod 5
4q11(1+ o(1)) if q ≡ −1 mod 5
(5,5,5) 12q11(1+ o(1)) if q ≡ 1 mod 5 350q11(1+ o(1)) if q ≡ 1 mod 5
 Aq10 if q ≡ −1 mod 5 2q11(1+ o(1)) if q ≡ −1 mod 5
Remark 7.1. The asymptotic estimates or bounds for |Hom(T , Pa)| are determined by using the char-
acter table of Pa given in [1]. As the characters of Pb are not fully determined in [1], the upper
bounds we give for |Hom(T , Pb)| are derived from precise asymptotic estimates for |Hom(T ,GL2(q))|.
Proof of Proposition 7.1. We ﬁrst consider the short parabolic subgroup Pa . If (p1, p2, p3) = (5,5,5)
or q ≡ −1 mod 5 then the assertions are easily checked using the character table of Pa given in [1].
Indeed the number of triples of classes of Pa of elements of order 3 or 5 is bounded by an absolute
constant and for any triple C = (C1,C2,C3) of conjugacy classes Ci of elements of order dividing pi ,
there is a constant B such that |HomC(T , Pa)| Bq10.
Let us consider the case where (p1, p2, p3) = (5,5,5) and q ≡ 1 mod 5. The important classes
of elements of order 5 in Pa to consider are the classes of type labelled C21( j) in [1]. There are
four classes of elements of order 5 of this type, namely C21( j), where j = j1(q − 1)/5 for some
integer j1 satisfying 1  j1  4. Let j = (q−1) j15 , k = (q−1)k15 , l = (q−1)l15 where 1  j1,k1, l1  4, and
let C = (C1,C2,C3) where C1 = C21( j), C2 = C21(k), C3 = C21(l). We have |Ci | = q6(1 + o(1)). Write
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form:
S = 1+ Bq(1+ o(1))+ q q−1∑
m=1
λmjλmkλml
(
1+ o(1))
where λ is a (q − 1)-th root of unity and B is some constant. It follows that S = q2(1 + o(1)) if and
only if j1 + k1 + l1 ≡ 0 mod 5. Otherwise, there is a constant D such that S  Dq(1 + o(1)). Finally,
there are 12 triples ( j1;k1; l1) satisfying j1 + k1 + l1 ≡ 0 mod 5. The contribution to |Hom(T , Pa)|
coming from other triples of classes of Pa of elements of order dividing 5 can be neglected. The
result follows.
Finally let us consider the long parabolic subgroup Pb . Let φ be any element of Hom(T , Pb). Write
Pb = Qb : Lb , where Qb is the unipotent radical of Pb of order q5 and Lb ∼= GL2(q) is the Levi factor.
Let π : Pb → Pb/Qb be the canonical map, and let ψ = π ◦ φ so that ψ : T → Pb/Qb ∼= GL2(q).
Write ψ(x) = Qbgx and ψ(y) = Qbgy for some gx, gy belonging to GL2(q). There are |Hom(T ,GL2(q))|
choices for the pair (gx, gy). Write φ(x) = qxgx , φ(y) = qy gy where qx,qy belong to Qb . Since p1, p2
are not equal to p, by Lemmas 6.2 and 6.3, there are at most q4 choices for qx and at most q4 choices
for qy . Therefore
∣∣Hom(T , Pb)∣∣ q8∣∣Hom(T ,GL2(q))∣∣.
The result now follows from the character table of GL2(q) given in [16] from which one can derive
precise asymptotic estimates for |Hom(T ,GL2(q))|; see [14, Proposition 3.8.5] for more details. 
Proposition 7.2. Suppose that 5 divides |SL3(q)| and |SU3(q)|. Then
∣∣Hom(T ,SL3(q))∣∣∼ ∣∣Hom(T ,SU3(q))∣∣=
{
q10(1+ o(1)) if p = 5,
γ q10(1+ o(1)) otherwise
where γ = 2, 4 or 8 according respectively as (p1, p2, p3) = (3,3,5), (3,5,5) or (5,5,5).
Proof. This follows easily from the character tables of SL3(q) and SU3(q), given in [15]. We give an
outline of the proof for SL3(q). For SU3(q), we can repeat a similar proof. There is one class of regular
elements of order 3 in SL3(q). If p = 5 and n is odd (where q = pn), there is a single class of regular
elements of order 5. If p = 5 and n is even there are three classes of regular elements of order 5
in SL3(q), namely C
(0,0)
3 ,C
(0,1)
3 ,C
(0,2)
3 as labelled in [15]. If p = 5, there are two classes of regular
elements of order 5 in SL3(q). Finally, for any p and for any regular class C of elements of prime
order, we have
|C | =
{
(1/3) · q6(1+ o(1)) if C ∈ {C (0,0)3 ,C (0,1)3 ,C (0,2)3 },
q6(1+ o(1)) otherwise.
Let C = (C1,C2,C3) be any triple of regular classes Ci of elements of order pi , and let C′ be any
triple of classes C ′i of elements of order dividing pi such that C
′
i is not regular for some i = 1,2,3.
Write |HomC(T ,SL3(q))| = |C1||C2||C3||SL3(q)| · S . If p = 5 or (p1, p2, p3) = (5,5,5) or n is odd, then S =
(1+ o(1)). If p = 5, n is even, and (p1, p2, p3) = (5,5,5), then
S =
{
3+ o(1) if C1 = C2 = C3, or C1,C2,C3 are all distinct,
o(1) otherwise.
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lows. 
In the statement below, we let M2 = SL3(q) : 2 and M3 = SU3(q) : 2. These are maximal subgroups
of G .
Proposition 7.3. Suppose that 5 divides |M2| and |M3|. Then
|⋃g∈G Hom(T ,Mg2 ) ∪Hom(T ,Mg3 )|
|Hom(T ,G)| =
∑3
i=2 |G : Mi||Hom(T ,Mi)|
|Hom(T ,G)| ·
(
1+ o(1)).
Proof. By Lemma 2.3(iii), Hom(T ,M2) = Hom(T ,SL3(q)) and Hom(T ,M3) = SU3(q) and so the re-
sult will follow if we show that a randomly chosen homomorphism in Hom(T ,SL3(q)) (respectively,
Hom(T ,SU3(q))) is surjective with probability tending to 1 as q → ∞. This is proved by showing that
|⋃M max SL3(q) Hom(T ,M)|
|Hom(T ,SL3(q))| ∼
|⋃M max SU3(q) Hom(T ,M)|
|Hom(T ,SU3(q))| = o(1).
(For more details see [14, Theorem 5.1].) 
We can now prove Theorem 3. Let us consider (i). By Lemma 2.2 we have
0 P  1− ∣∣Hom(T ,G)∣∣−1 ·
∣∣∣∣∣
⋃
g∈G
3⋃
i=2
Hom
(
T ,Mgi
)∣∣∣∣∣
where M2 = SL3(q) : 2 and M3 = SU3(q) : 2. Now by Proposition 6.1 we have |Hom(T ,G)| =
q16(1+ o(1)). Also by Propositions 7.2 and 7.3 we have
∣∣∣∣∣
⋃
g∈G
3⋃
i=2
Hom
(
T ,Mgi
)∣∣∣∣∣= q16(1+ o(1)).
Hence P = o(1), as required.
Let us now consider (ii), (iii) and (iv). By Lemma 6.1 and Propositions 6.3–6.5 given a maximal
subgroup M of G we have
∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣⋃
g∈G
Hom
(
T ,Mg
)∣∣∣∣= o(1)
except possibly if M is a parabolic subgroup, or M is isomorphic to M2 = SL3(q) : 2 or M3 = SU3(q) : 2.
Now by Lemma 2.2
0 P  1− ∣∣Hom(T ,G)∣∣−1 ·
∣∣∣∣∣
⋃
g∈G
3⋃
i=2
Hom
(
T ,Mgi
)∣∣∣∣∣.
Also by Propositions 6.1, 7.2 and 7.3
∣∣Hom(T ,G)∣∣−1 ·
∣∣∣∣∣
⋃
g∈G
3⋃
i=2
Hom
(
T ,Mgi
)∣∣∣∣∣= μ + o(1)
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Hence
0 P  1− μ + o(1)
and part (ii) is established as well as parts (iii) and (iv) when q ≡ 1 mod 5.
We therefore assume that (p1, p2, p3) ∈ {(3,5,5), (5,5,5)} and q ≡ −1 mod 5. It follows from
Lemma 2.3(i) and Propositions 6.1 and 7.1 that
∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣⋃
g∈G
Hom
(
T , P ga
)∣∣∣∣= o(1).
Also by the proof of Proposition 7.3
∣∣∣∣∣
( ⋃
g∈G
Hom
(
T , P gb
))∩
( ⋃
g∈G
3⋃
i=2
Hom
(
T ,Mgi
))∣∣∣∣∣= o(1).
Hence by Lemma 2.2
P = 1− ∣∣Hom(T ,G)∣∣−1 ·
(∣∣∣∣⋃
g∈G
Hom
(
T , P gb
)∣∣∣∣+
∣∣∣∣∣
⋃
g∈G
3⋃
i=2
Hom
(
T ,Mgi
)∣∣∣∣∣
)
· (1+ o(1)).
Lemma 2.3(i) together with Propositions 6.1 and 7.1 yield
0
∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣⋃
g∈G
Hom
(
T , P gb
)∣∣∣∣ ν + o(1)
where ν = 1/4 if (p1, p2, p3) = (3,5,5), otherwise ν = 1/36. Since
∣∣Hom(T ,G)∣∣−1 ·
∣∣∣∣∣
⋃
g∈G
3⋃
i=2
Hom
(
T ,Mgi
)∣∣∣∣∣= μ + o(1),
where μ = 1/4 if (p1, p2, p3) = (3,5,5), otherwise μ = 1/9, we get
1− (μ + ν) + o(1) P  1− μ + o(1).
The result follows. This completes the proof of Theorem 3.
Remark 7.2. If q ≡ 1 mod 5, or p = 5 and (p1, p2, p3) = (3,3,5), the method we use in the proof of
Theorem 3 is not precise enough for us to get nontrivial lower bounds for P .
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In this section we let G = 3D4(q) where q = pn for some prime p > 3 and some positive inte-
ger n. Recall that |G| = q12(q6 − 1)2(q4 − q2 + 1). We also set (p1, p2, p3) to be a hyperbolic triple of
primes such that p1 < p2 < p3 and p1p2p3 divides |G|, and we let T = T p1,p2,p3 be the corresponding
hyperbolic triangle group. Finally, we let x, y, z be the generators of T of orders p1, p2, p3.
We ﬁrst give an asymptotic formula for |Hom(T ,G)|.
Proposition 8.1.
(i) We have |Hom(T ,G)| = (1+ o(1)) · |G|−1∏3i=1 jpi (G).
(ii) Equivalently, we have |Hom(T ,G)| = cp1cp2cp3qδ(1+ o(1)) where δ is given in the table below.
(p1, p2, p3) δ
p1 = 2, p2 = 3 30
p1 = 2, p2 = 5 34
p1 = 2, p2 > 5 or p1 = 3, p2 = 5 36
p1 = 3, p2 > 5 38
p1 = 5 42
p1 > 5 44
Remark 8.1. The integers cpi and jpi (G) are given in Lemma 3.4.
Proof of Proposition 8.1. Using the description of the conjugacy classes of G of elements of prime
order and the character table of G given respectively in Lemma 3.4 and Table 6 in Section 9, one
checks that the argument given in the proof of Proposition 4.1 also holds here. 
The subgroup structure of G determined in [7] is given below. For  ∈ {±}, we let SL3(q) denote
SL3(q) if  = +, and SU3(q) otherwise. Also if a and b are natural numbers then (a,b) denotes their
highest common factor.
Lemma 8.1. A maximal subgroup of G is conjugate to one of the following:
(i) Pa = [q9] : (SL2(q3) ◦ Zq−1) · (2,q − 1), a short parabolic subgroup.
(ii) Pb = [q11] : (Zq3−1 ◦ SL2(q)) · (2,q − 1), a long parabolic subgroup.
(iii) M1 = G2(q).
(iv) M2 = PGL3(q) or PGU3(q) depending respectively on whether q = 1 mod 3 or q = −1 mod 3.
(v) M3 = (SL2(q3) ◦ SL2(q)) · 2.
(vi) M4 = (Zq2+q+1 ◦ SL3(q)) · (3,q2 + q + 1) · 2 where  ∈ {±}.
(vii) M5 = (Zq2+q+1)2 · SL2(3).
(viii) M6 = (Zq2−q+1)2 · SL2(3).
(ix) M7 = (Zq4−q2+1) · Z4 .
(x) G0 = 3D4(q0) where q = qα0 , α = 3 prime.
We ﬁrst examine the space of homomorphisms from T to a maximal parabolic subgroup. We need
the following lemma on the subgroup structure of the commutator subgroup P ′a = [q9] : SL2(q3) of
the short parabolic Pa . In the statement, we write Qa for the unipotent radical [q9], and La for the
Levi factor SL2(q3).
Lemma 8.2. The unipotent radical Qa has the following La-invariant composition series
1= Qa,0  Qa,1  Qa,2 = Qa
where the factors are irreducible FqLa-modules.
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(ii) The factor Qa,1/Qa,0 is a one-dimensional trivial module.
(iii) The centre of Qa is Qa,1 .
In the following two statements we let A = A(p1, p2, p3) denote a constant.
Proposition 8.2. Let M ∈ {Pa, Pb}.
(i) We have |Hom(T , Pa)| Aq27(1+ o(1)) and |Hom(T , Pb)| Aq25(1+ o(1)).
(ii) If p1 = 2 then |Hom(T , Pa)| = |Hom(T , Pb)| = 1.
(iii) If p1 = 3 then |Hom(T , Pa)| Aq26(1+ o(1)) and |Hom(T , Pb)| Aq24(1+ o(1)).
(iv) We have
∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣⋃
g∈G
Hom
(
T ,Mg
)∣∣∣∣= o(1).
Proof. Suppose ﬁrst that M = Pa . Since by Lemma 2.3(v) we have Hom(T , Pa) = Hom(T , P ′a) where
P ′a = [q9] : SL2(q3) one can repeat a similar argument to the one given in the proof of Proposition 6.2,
using Lemmas 6.3 and 8.2 to prove part (iii). Also the ﬁnal part follows from the previous ones
together with Lemma 2.3(i) and Proposition 8.1.
Suppose now that M = Pb . The ﬁnal part follows from the previous ones together with
Lemma 2.3(i) and Proposition 8.1. Let us consider parts (i), (ii) and (iii). By Lemma 2.3(v) we have
Hom(T , Pb) = Hom(T , P ′b) where P ′b = [q11] : SL2(q). Hence for parts (i) and (ii), one can argue as
in the proof of Proposition 6.2. Finally consider part (iii). Let φ be any element of Hom(T , P ′b) and
write φ(x) = qxgx, φ(y) = qy gy for some unique gx, gy ∈ SL2(q) and qx,qy ∈ Q = [q11]. By Proposi-
tion 2.1, there are at most Aq3(1+ o(1)) choices for the pair (gx, gy). Now since |Q | = q11 and there
are q10(1 + o(1)) elements of order 3 in Pb (see [6, Table A.12]) it follows that there are at most
q21(1+ o(1)) choices for the pair (qx,qy). Part (iii) now follows. 
In the statement below recall the deﬁnition of the maximal subgroups Mi of G , 2 i  7, deﬁned
in Lemma 8.1.
Proposition 8.3. Let M = Mi for some 2 i  7.
(i) If i ∈ {2,4} then |Hom(T ,Mi)| Aqγ (1+ o(1)) where γ = 8 if p1 = 2, otherwise γ = 10.
(ii) We have |Hom(T ,M3)| Aq12(1+ o(1)).
(iii) If i ∈ {5,6,7} then |Hom(T ,Mi)| = 1.
(iv) We have |Hom(T ,G)|−1 · |⋃g∈G Hom(T ,Mg)| = o(1).
Proof. The ﬁnal part follows from the previous ones together with Lemma 2.3(i) and Proposi-
tion 8.1. Let us consider part (i). By parts (iii) and (v) of Lemma 2.3, Hom(T ,M) is either equal
to Hom(T , L3(q)) or Hom(T ,U3(q)). Since |Hom(T , L±3 (q))|  |Hom(T3p1,3p2,3p3 ,SL±3 (q))|, the result
now follows from Proposition 2.1. (For  ∈ {±}, L3(q) denotes L3(q) or U3(q) according to whether 
is + or −.)
Since M3 = (SL2(q3)◦SL2(q)) ·2 one can repeat the argument used in the proof of Proposition 6.3(i)
to establish (ii).
Finally, let us consider (iii). By Lemma 2.3(ii), Hom(T ,Mi) = Hom(T , Z) where Z is an abelian
group. The result now follows from Lemma 2.3(iv). 
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∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣ ⋃
|Fq :Fq0 | prime
( ⋃
g∈G
Hom
(
T , 3D4(q0)
g))∣∣∣∣= o(1).
Proof. We can repeat a similar argument to the one given in the proof of Lemma 4.4, using Proposi-
tion 8.1. 
In the following statement, if p = p3 we let k denote the order of q modulo p3.
Proposition 8.5.
(i) If {p1, p2} = {2,3} then
lim
q→∞
∣∣Hom(T ,G)∣∣−1∣∣∣∣⋃
g∈G
Hom
(
T ,G2(q)
g)∣∣∣∣= 0.
(ii) If {p1, p2} = {2,3} then
lim
q→∞
∣∣Hom(T ,G)∣∣−1∣∣∣∣⋃
g∈G
Hom
(
T ,G2(q)
g)∣∣∣∣=
⎧⎨
⎩
1/2 if p = p3 or k ∈ {1,2},
2
p3−3 if k ∈ {3,6},
0 otherwise.
Proof. Suppose ﬁrst that p1p2p3 does not divide |G2(q)|. Every element of Hom(T ,G2(q)) has then
image a cyclic group. Hence, since the maximal dimension of a conjugacy class of G2(q) is 12, there
is a constant A such that |Hom(T ,G2(q))| Aq12. Lemma 2.3(i) and Proposition 8.1 yield
∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣⋃
g∈G
Hom
(
T ,G2(q)
g)∣∣∣∣= o(1).
We therefore assume that p1p2p3 divides |G2(q)|. If {p1, p2} = {2,3} then the result follows from
Lemma 2.3(i) and Propositions 6.1 and 8.1. Suppose ﬁnally that {p1, p2} = {2,3}. By Theorem 2 a
randomly chosen homomorphism in Hom(T ,G2(q)) is surjective with probability tending to 1 as
q → ∞. Hence
lim
q→∞
∣∣Hom(T ,G)∣∣−1 · ∣∣∣∣⋃
g∈G
Hom
(
T ,G2(q)
g)∣∣∣∣= limq→∞ |G : G2(q)||Hom(T ,G2(q))||Hom(T ,G)| .
The result now follows from Propositions 6.1 and 8.1. 
We can now prove Theorem 4. We consider part (ii) as the ﬁrst part follows at once from
Proposition 8.1. Recall the subgroup structure of G given in Lemma 8.1. Now by Lemma 2.2 and
Propositions 8.2–8.5, we have
lim
q→∞Prob(φ is surjective) = 1− limq→∞
|⋃g∈G Hom(T ,G2(q)g)|
|Hom(T ,G)| .
The result now follows from Proposition 8.5.
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Abbreviated character table of G = 2B2(q).
Elements g of G |CG (g)| Characters
1 X Xi Y j Zk Wl
Number of characters
1 1 12 q(1+ o(1)) 14 q(1+ o(1)) 14 q(1+ o(1)) 2
1 q5(1+ o(1)) 1 q2 q2(1+ o(1)) q2(1+ o(1)) q2(1+ o(1)) cq 32 (1+ o(1))
σ q2(1+ o(1)) 1 c c cq 12 (1+ o(1)) cq 12 (1+ o(1)) cq 12 (1+ o(1))
ρ, ρ−1 2q(1+ o(1)) 1 c c c c cq 12 (1+ o(1))
π1 q(1+ o(1)) 1 c c c c c
π2 q(1+ o(1)) 1 c c c c c
π3 q(1+ o(1)) 1 c c c c c
Table 4
Abbreviated character table of G = 2G2(q).
Characters Number
of characters
Elements g ∈ G of order dividing a prime r
1 J X T0, T
−1
0 any g ∈ G
(r = 2) (r = 3) (r = 3) of order r > 3
|CG (g)|
q7(1+ o(1)) q3(1+ o(1)) q3(1+ o(1)) 2q2(1+ o(1)) q(1+ o(1))
1 1 1 1 1 1 1
ξ2 1 q2(1+ o(1)) c cq(1+ o(1)) c c
ξ3 1 q3(1+ o(1)) q(1+ o(1)) c c c
ξ4 1 q3(1+ o(1)) cq(1+ o(1)) q(1+ o(1)) c c
ξ j , 5 j 8 4 q
5
2
2
√
3
(1+ o(1)) cq(1+ o(1)) cq(1+ o(1)) cq(1+ o(1)) c
ξ9, ξ10 2
q
5
2√
3
(1+ o(1)) c cq 12 (1+ o(1)) cq(1+ o(1)) c
ηr , η
′
r m0q(1+ o(1)) q3(1+ o(1)) cq(1+ o(1)) c c c
ηt , η
′
t m0q(1+ o(1)) q3(1+ o(1)) cq(1+ o(1)) cq(1+ o(1)) c c
ηi , η
′
i m0q(1+ o(1)) q3(1+ o(1)) c cq(1+ o(1)) cq
1
2 (1+ o(1)) c
9. Character tables
Let G = 2B2(q), 2G2(q), G2(q) or 3D4(q). Assume q = pn for a prime p > 3 in the latter two cases.
We describe in Tables 3–6 the character table of G which is determined respectively in [17,18,3,4]. We
use these tables and the description of the conjugacy classes of G of elements of prime order given
in Section 3 together with Lemma 2.1 to calculate precise asymptotic estimates for |Hom(T ,G)| for
various hyperbolic triangle groups T = T p1,p2,p3 arising from hyperbolic triples (p1, p2, p3) of primes.
Unless G = 2B2(q) we describe the characters of G only on representatives of order dividing a
prime.
In most cases, we do not need the precise value of a given character χ on a given element g of
G of prime order, but merely an upper bound for |χ(g)|. Whenever the letter m is used in a table, it
means that we are giving such an upper bound. In fact, we can take m to be 8.
We let c be any complex number with |c|  24 and m0 be any positive rational number less
than 1.
Precise values of characters on a given element (e.g. an involution, an element of order 3, or a
unipotent element) are sometimes needed but they are easily determined using CHEVIE [5].
Finally, in Table 3 we let σ ,ρ,ρ−1 be the unipotent representatives of 2B2(q) of orders 2 and 4,
and in Table 5 we let  ∈ {±1} be such that q ≡  mod 3.
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k3 h1a ,h2b h1b ,h2a h1 ,h2 ,
h3 , h6
r = 3 q ≡ ±1(r) q ≡ ±1(r) r = p
r > 2 r > 3 r > 5
) q8(1+ o(1)) q4(1+ o(1)) q2(1+ o(1))
1 1 1 1
1)) mq3(1+ o(1)) c mq c
1)) mq3(1+ o(1)) q mq c
0 mq
0 mq
1)) mq3(1+ o(1)) q + 1,0 mq c
0,q − 1 mq
1)) mq3(1+ o(1)) q + 1,0 mq c
0,q − 1 mq
1)) mq3(1+ o(1)) mq(1+ o(1)) c
1)) mq3(1+ o(1)) mq(1+ o(1)) c
1)) mq3(1+ o(1)) mq(1+ o(1)) c
1)) mq3(1+ o(1)) mq(1+ o(1)) c
q2(1+ o(1)) c q +  c
1)) mq3(1+ o(1)) mq(1+ o(1)) c
1)) mq3(1+ o(1)) mq(1+ o(1)) c
1)) mq3(1+ o(1)) mq(1+ o(1)) c
1)) mq3(1+ o(1)) mq(1+ o(1)) c
1)) mq3(1+ o(1)) mq(1+ o(1)) cTable 5
Abbreviated character table of G = G2(q), q = pn , p > 3.
Charac-
ters
#
charac-
ters
Elements g ∈ G of order dividing a prime r
Types
1 u1 u2 u3 u4 u5 u6 k2
r = p r = 2
r > 3 r > 5
|CG (g)|
q14(1+ o(1)) q8(1+ o(1)) q6(1+ o(1)) 6q4 2q4 3q4 q2 q6(1+ o(1)
X11 1 1 1 1 1 1 1 1 1
X13 1
q5 (1+o(1))
3 mq
3(1+ o(1)) mq2(1+ o(1)) q2+5q3 −q
2+q
3
q2−q
3 c mq
2(1+ o(
X14 3
q5 (1+o(1))
3 mq
3(1+ o(1)) mq2(1+ o(1)) q2−q3 −q
2+q
3
q2+2q
3 c mq
2(1+ o(
X19
X19
X15 2
q5 (1+o(1))
2 mq
3(1+ o(1)) mq2(1+ o(1)) −q2+q2 q
2+q
2
−q2+q
2 c mq
2(1+ o(
X17
X16 2
q5 (1+o(1))
6 mq
3(1+ o(1)) mq2(1+ o(1)) q2+5q6 −q
2+q
6
q2−q
6 c mq
2(1+ o(
X18
X12 1 q6(1+ o(1)) c c c c c c mq2(1+ o(
X22 1 q4(1+ o(1)) mq3(1+ o(1)) mq2(1+ o(1)) mq(1+ o(1)) c mq2(1+ o(
X23 2 q5(1+ o(1)) mq3(1+ o(1)) mq2(1+ o(1)) mq(1+ o(1)) c mq2(1+ o(
X24
X21 1 q6(1+ o(1)) mq3(1+ o(1)) mq2(1+ o(1)) mq(1+ o(1)) c mq2(1+ o(
X32 1 q3(1+ o(1)) c cq(1+ o(1)) 2q(1+ o(1)) c −q(1+ o(1)) c q(1+ o(1))
X33 1 q5(1+ o(1)) mq3(1+ o(1)) mq2(1+ o(1)) mq(1+ o(1)) c mq2(1+ o(
X31 1 q6(1+ o(1)) mq3(1+ o(1)) mq2(1+ o(1)) mq(1+ o(1)) c mq2(1+ o(
X1a′ 2q(1+ o(1)) q5(1+ o(1)) mq3(1+ o(1)) mq2(1+ o(1)) mq(1+ o(1)) c mq2(1+ o(
X1b′
X2a′
X2b′
X1a 2q(1+ o(1)) q6(1+ o(1)) mq3(1+ o(1)) mq2(1+ o(1)) mq(1+ o(1)) c mq2(1+ o(
X1b
X2a
X2b
X1 q2(1+ o(1)) q6(1+ o(1)) mq3(1+ o(1)) mq2(1+ o(1)) mq(1+ o(1)) c mq2(1+ o(
X2
Xa
Xb
X3
X6
60
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Table 6
3 n
s5 , s10 s4 , s9 u6 (r = p)
s6 , s15 (q ≡ ±1(r))
s12 , s13 (q2 ± q ≡ −1(r))
s14 (q4 − q2 ≡ −1(r))
q2 ± q ≡ −1(r)
r > 3 r > 2 r > 5
)) q6(1+ o(1)) q10(1+ o(1)) q4(1+ o(1))
1 1 1
cq(1+ o(1)) cq2(1+ o(1)) c
1)) mq(1+ o(1)) mq3(1+ o(1)) c
)) c cq3(1+ o(1)) c
)) cq(1+ o(1)) cq3(1+ o(1)) c
1)) mq(1+ o(1)) mq3(1+ o(1)) c
1)) mq(1+ o(1)) mq3(1+ o(1)) c
1)) mq(1+ o(1)) mq3(1+ o(1)) c
1)) mq(1+ o(1)) mq3(1+ o(1)) c
1)) mq(1+ o(1)) mq3(1+ o(1)) c
1)) mq(1+ o(1)) mq3(1+ o(1)) c
1)) mq(1+ o(1)) mq3(1+ o(1)) c
1)) mq(1+ o(1)) mq3(1+ o(1)) c
1)) mq(1+ o(1)) mq3(1+ o(1)) c
1)) mq(1+ o(1)) mq3(1+ o(1)) c
1)) mq(1+ o(1)) mq3(1+ o(1)) c
1)) mq(1+ o(1)) mq3(1+ o(1)) cAbbreviated character table of G = D4(q), q = p , p > 3.
Charac-
ters
#
charac-
ters
Elements g ∈ G of order dividing a prime r
Types
1 u1 u2 u3 , u4 u5 s2 s3 , s7
r = p q ≡ ±1(r)
r > 3 r = 2 r > 2
|CG (g)|
q28(1+ o(1)) q18(1+ o(1)) q12(1+ o(1)) 2q10(1+ o(1)) q6 q12(1+ o(1)) q10(1+ o(1
1 1 1 1 1 1 1 1 1
[1] 1 q5(1+ o(1)) cq3(1+ o(1)) cq(1+ o(1)) cq2(1+ o(1)) q cq(1+ o(1)) c
[ρ1], [ρ2] 4 q9 (1+o(1))2 mq6(1+ o(1)) mq4(1+ o(1)) mq3(1+ o(1)) c mq4(1+ o(1)) mq3(1+ o(
3D4[1]
3D4[−1]
[2] 1 q11(1+ o(1)) q7 c c c q3 cq3(1+ o(1
St 1 q12(1+ o(1)) c c c c q4 cq3(1+ o(1
χ2,1 1 q8(1+ o(1)) cq4(1+ o(1)) cq4(1+ o(1)) c c cq3(1+ o(1)) mq3(1+ o(
χ2,St′ 1 q9(1+ o(1)) cq(1+ o(1)) cq3(1+ o(1)) cq3(1+ o(1)) q cq4(1+ o(1)) mq3(1+ o(
χ2,St 1 q11(1+ o(1)) cq7(1+ o(1)) cq3(1+ o(1)) cq3(1+ o(1)) c cq4(1+ o(1)) mq3(1+ o(
χ2,St,St′ 1 q12(1+ o(1)) cq4(1+ o(1)) cq4(1+ o(1)) c c cq4(1+ o(1)) mq3(1+ o(
χ3,1 q(1+ o(1)) q9(1+ o(1)) cq4(1+ o(1)) cq4(1+ o(1)) cq3(1+ o(1)) q ± 1 cq4(1+ o(1)) mq3(1+ o(
χ7,1
χ3,St q(1+ o(1)) q12(1+ o(1)) cq7(1+ o(1)) cq4(1+ o(1)) cq3(1+ o(1)) c cq4(1+ o(1)) mq3(1+ o(
χ7,St
χ4,1 q2(1+ o(1)) q9(1+ o(1)) cq6(1+ o(1)) cq3(1+ o(1)) mq3(1+ o(1)) −q ± 1 cq3(1+ o(1)) mq3(1+ o(
χ9,1
χ4,qs q2(1+ o(1)) q11(1+ o(1)) cq7(1+ o(1)) cq4(1+ o(1)) cq3(1+ o(1)) q cq4(1+ o(1)) mq3(1+ o(
χ9,qs′
χ4,St q2(1+ o(1)) q12(1+ o(1)) cq7(1+ o(1)) cq3(1+ o(1)) mq3(1+ o(1)) c cq4(1+ o(1)) mq3(1+ o(
χ9,St
χ5,1 q3(1+ o(1)) q11(1+ o(1)) cq7(1+ o(1)) cq4(1+ o(1)) cq3(1+ o(1)) c cq4(1+ o(1)) mq3(1+ o(
χ10,1
χ5,St q3(1+ o(1)) q12(1+ o(1)) cq4(1+ o(1)) cq4(1+ o(1)) cq3(1+ o(1)) ±q cq4(1+ o(1)) mq3(1+ o(
χ10,St
χ6 q4(1+ o(1)) q12(1+ o(1)) mq7(1+ o(1)) mq4(1+ o(1)) mq3(1+ o(1)) mq mq4(1+ o(1)) mq3(1+ o(
χ8
χ11
χ12
χ13
χ14
χ15
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